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Abstract

Studying the limiting behavior when scaling up model dimensions provides extensive
insight into deep learning theory, but mathematically characterizing how the limit of
different dimensions jointly control non-linear network fitting and prediction remain
largely open. In this work, we study Bayesian inference in deep non-linear MLPs in the
regime where the number of training samples (P), the input dimension (Np), the hidden
layer width (N), and the number of hidden layers (L) are simultaneously large. Building
on the SDE scaling limit of the layer-wise conjugate kernels, we justify a mathematically
rigorous framework to analyze Bayesian inference of neural networks in the proportional
LP o N limit. We show that Bayesian partition functions of the MLP scaling limit
can be equivalently expressed as statistics of the solution of the Neural Covariance SDE
[LNR22] and perturbatively solve the Bayesian inference problem for small LP/N. Our
framework covers both smooth and ReLU activation functions and applies to arbitrary
temperature. With our unifying framework, we rigorously recover several prior results
and generate novel technical messages in architecture selection (Bayesian evidence) and
feature learning (Bayesian predictive posterior).
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1 Introduction

Rooted in many deep results from approximation to generalization [Zha+17; AS17; Bel+19;
Han19; Dau+19], deep Multi-layer Perceptrons (MLPs) are quintessential architectural sub-
strates for analyzing the dynamics of neural networks with a scaling size. As a result, it
becomes critical to theoretically understand and rigorously characterize how scaling up
different dimensions, such as the number of hidden layers (L), the width of each hidden
layer (IV), and the size of the dataset (P) jointly shape the behavior of large MLPs at
initialization or during training.

Many works studying scaling up neural networks focus on the infinite width limit under
a fixed depth and data, giving rise to many classical results such as the Neural Tangent Ker-
nel (NTK) and the Neural Network Gaussian Process (NNGP) [Lee+17; COB19; Du+19;
COB19; JGH20; Yan21]. However, the infinite-width limit fundamentally suppresses phe-
nomena in very deep architectures [HN19b; HDR19; HDR22; LNR22| when L o< N or with
a large dataset [L.S21; Pac+23] when P o< N. More recent studies [HZ24; Han24; Cam+25;
Li+26] also focuses on proportional limits, in which depth, width, and data diverge jointly,
revealing new stochastic and geometric structures.

Despite recent progress, how jointly scaling architecture dimensions (L, N, P and input
dimension Np) in non-linear networks impact training-time fitting and test-time prediction
is still mysterious. When and why do deep neural networks behave like kernel methods, and
what enables feature-learning?” When feature learning is possible, what features do MLPs
learn? What combinations of data and architecture gets benefits from depth?

In this work, we present the first mathematically rigorous way to answer these questions
on non-linear deep MLPs from the Bayesian inference perspective [Mac92; Neal2; HZ23,;
HZ24; Bas+25]. Bayesian inference analyzes a neural network architecture z — f(x;©) by
choosing a specific prior on the weights P(0) and computing the posterior P(©|D) (con-
ditional on the training dataset D) via tilting the prior with the training loss P(D|O)
exp(—BL(D;0)). The posterior network prediction on test data ¢ is therefore the push-
forward of f(xo;©) on the weights © ~ P(6O|D). The marginal of training data P(D),
equivalently the likelihood of the architecture and prior, can be used for model selection.

Our main contribution in this paper is characterizing and justifying a rigorous unifying
framework of analyzing Bayesian inference in non-linear MLPs when LP ~ N, building on
top of the Neural Covariance SDE (NSDE) limit [LNR22; LN24; Noc+23]. Our method
of computing Bayesian statistics (outlined in Section 2 and elaborated in Appendix A)
covers a wide range of non-linear activation functions (leaky ReLU in Appendix A.2 and
smooth functions in Appendix A.3) and can naturally be applied at any temperature. As
examples of applying our framework to answer questions about learning and inference, we
compute the perturbative expansion at small effective-depth (Section 4.2 and Section 4.3).
Our calculations in the perturbative expansion recover and generalize many results in prior
literature for linear networks [HZ23] and weakly non-linear networks with cubic activation
function [HZ24]. We further generalize these results and provide novel insights on the
perturbative prediction feature map as well as the Bayesian evidence analysis with different
activation functions.



1.1 Preliminaries and technical setup

Model We consider MLPs with L fully connected layers f(z;0) : 2 € RN — 5 ¢ R!:
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where © = (Wo, W1,...,Wr_1,Wou) is the set of weights, z; € RY,i = 1,2,..., L are
hidden pre-activations, ¢ is a normalizing constant such that ¢~ £ Egno,1) [qﬁs(g)ﬂ SO
each hidden neuron is N'(0,1) at init, ¢ is the shaped activation function with parameter s
(see below), and the interior recursion runs from ¢ =1,2,..., L — 1. At initialization (also
as the network prior), we assume that all W;’s are initialized with i.i.d. N(0, 1) entries. We
wish to characterize the network posterior when L, P, N — oo jointly under the squared loss
L(D;0) £ 3 5:1 (f(xu;©) — yu)2 over a training dataset D = {(x,,y),pn=1,...,P},
where z,, € RNo, Yu € R are training data.

Proportional width and depth limit Our results will be described asymptotically in
L, N but not asymptotically in P, Ny. In other words, we first consider fized finite P, Ny in
the L, N — oo limit; then we take P, Ny to be large. For a fixed P, prior studies focusing
on the product of L random N x N matrices [Han19; HZ23; BLR24; Li+26] indicate that
t = L/N controls the initialization behavior in deep linear networks when L, N — oo, and
that both ¢ = 0 and ¢ = oo yield degenerate scaling regimes. While such conclusion does
not immediately extend to networks with a non-linear activation function, one can apply
a shaping mechanism to the non-linear activation function ¢4 such that the ratio t = L/N
still uniquely controls the initialization distribution in non-linear MLPs, as we see next.

Shaped activation function For a growing L — oo, to ensure that the output distri-
bution at initialization is non-degenerate, various prior works [Mar+21; LNR22; ZBM22;
HZ24] have established the necessity of shaping the activation function ¢,. Specifically, for
a smooth base @pase(z) normalized t0 Ppase(0) = ¢}, (0) —1 = 0, we consider

1 1
¢S(x) = S(;Sbase(l'/s) =T+ ?Sgbgase(o) : $2 + @gbg,ase(o) ’ ‘T3 +... (2)

for a shaping factor s = s(N, L, P) that is thought to scale to infinity with N, L, P. Intu-
itively, the shaping s > 1 effectively diminishes the effect of non-linear activation at each
layer (¢s(x) =~ z), such that the cumulative effect becomes controllable over a large number
of L — oo layers. Similarly, for leaky-ReLU ¢pase() = ¢4 max(z,0) + c¢— min(x,0) we
consider

ba(@) = 7+ é (cs max(z,0) + _ min(z, 0)) . (3)

We also refer to [LN24] for a rigorous discussion on why shaping is necessary and the
different types of degenerate limits with mis-specified s. In short, there usually exists a
critical s*(N, L, P) such that shaping with s € w(s*) results in effective equivalence to a

While our analysis easily extends to y € R? output for d € ©(1), we present scalar output results for
simplicity.



deep linear network (¢s = id), and shaping with s € o(s*) results in a L/N-independent
degenerate limit. Intuitively, the shaping mechanism ensures that the (cumulative) effect
of applying a non-linear activation function at each layer is on the same scale as the effect
of linear layers.

Bayesian inference The Bayesian inference [Mac92; Nea94] point of view for studying
(1) is based on a prior distribution over the trainable weights and studying the posterior
measure over the weights defined by:

Ppost (©]D) x Pprior(O) exp(—BL(D; O))

where 3 is the inverse temperature. The characteristic function of the predictive posterior
on a test data zg € RN is therefore:?

N Zﬁ(l’o, /4{/)

Epost,ﬁ[exp[_i/{f(xo; Q)H - Zﬁ(O) (4)

where Zg is the partition function:
Zg(x0, %) & (278)"7? - Eprior [exp [~BL(D; ©) — i f (203 )], Z5(0) = Zg(x0;0)  (5)
and the marginal on the data, equivalently the likelihood of the model and prior, is
Pprior (D) = Eprior [exp [-BL(D; ©)]] &< Z(0)

and also known as the Bayesian evidence, maximizing which has been the objective to many
results on architecture selection. We refer to [Mac92] for a more detailed preliminary on
Bayesian inference.

Conjugate kernel under the prior Because the partition function Z in (5) concerns
only the prior distribution of f, it is sufficient to study the distribution of f(DU{x¢};0) €
RP*! in (1) at initialization. An important observation of (1) at initialization is that,
for each £, conditioned on all prior weights Wiy.,_y}, the next layer z,1; € RY is N ii.d.
Gaussian random variables with mean zero. Over a finite set of inputs, the covariance
matrix between individual neurons from different zy.1(z)’s follows the Conjugate Kernel
1O [CS09; El 10; PW17; FW20; LNR22; BP22; Cho23; WWF24] defined (on a pair of
inputs zq,xg) as:

®) 2 cov ([ze1(@a)ly [ (25)])) = (6, Bu(w)) (6)

Furthermore, because weights at each layer are sampled independently, the following is a
Markov chain for the forward pass:

X500 52 59 =500 525 gy — 0@ 5 o) 5y

2While our computations seamlessly carry to characterizing the predictive posterior of multiple test data
points jointly, we only derive the case of predicting one posterior for presentation here.



where the transition is only random at the ®© — zp41 steps. In other words, it suffices to
study the discrete Markov chain

L XTx =00 L o0 ... oM )
No
with the final output of the model f(D U {zo};©)[Wjg.p_1 ~ N(0,80)). As a result,

studying Bayesian inference reduces to studying the distributional properties (expectation
over test functions) of conjugate kernel ®L) under the prior with random hidden weights.

2 Main idea: Bayesian inference via Neural Covariance SDEs

To formalize the connection between the conjugate kernel and Bayesian inference, a crucial
argument we use in this work (see Lemma 4) is as follows: when f(z) = W h(z) for some
output projection weight W € RV*! whose prior is i.i.d. Gaussian N(0,Iy) and L is the
squared loss, the partition function Zg (zo,x) in (5) has another equivalent form as an
integral:

1 1
Zg (z0, k) = / exp ——||p\|2 + ipTY - Eprior |€xp — v dw dp (8)
RP 203 2

where v = [p',k]T € REH and & = [h(X), h(z0)]" [R(X), h(zg)] € RETDXEHD) jg the
matrix version of our conjugate kernel (6) at the penultimate layer. The formulation (8)
also allows us to take limg_,, Z3. For other loss functions, one can also write the respective
expressions of Z with only i, of statistics of ®. As an example, the Binary Cross-Entropy
(BCE) loss gives equivalent partition function

1, To-1
BCE _ o-fP PG exp(—3p p) LT
Zg (xo, k) =2 / 7 (dw) /]RP (2W)P/2\/M Eprior [€xp 5 dv dp

where Q = diag (w1, ...,wp), v = [p—l—zﬂ (Y — %]1) ,K]T, and VEG is the product Polya-
Gamma law with marginals w, ~ PG(3,0) [PSW13]. In this paper, we focus specifically on
the squared error because of the simplicity of (8) (specifically the integration form), but in
principle our techniques to compute Epyior [e‘”Tq’“/ 2]
other loss functions as well.

Having established that (8) only depends on the prior through Epior [exp (—%’UTCI)’U)],
it thus suffices to compute this expectation for each p. In the simplest case where the
network prior to ® is deterministically (or at least approximately) equal to a kernel ® with
an associated feature map f : o — To such that @5 = (T, Zg), the expectation in (8)
is moot and Bayesian inference reduces to what we refer to as the kernel method where

the partition function Zlﬁ‘emel (wo, K3 f) 2 Jgr exp [—%HpHQ +ip'Y — %v—“i)v} dp can be
computed directly:

provide solutions to cross-entropy and

N

1 _ 1o, - _
Z5=(2m) Z exp Q(YTA_IYJrlogdetA)i/i@npA_lY2m2(<I>HH<I>HpA_1<I)pH)] (9)
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be an exact Gaussian random variable with Epost[f(70)] = ®xp ALY and varpest(f(z0)) =
i — éﬁpAfltipH. Intuitively, the predictive posterior mean weighs the training labels ac-
cording to alignment between test and train in the feature space, and the variance measures
the distance between test towards the orthogonal projection into train in the feature space.
In general, it is often not the case that the prior distribution of ® concentrates on a
single ®. Without concentration, it is also not always true that the posterior prediction is
a Gaussian (equivalently, log Z is not a quadratic polynomial of k), hence the non-triviality
of dealing with the expectation in (8). For a finite P, we are interested in the proportional
L/N = t* > 0 limit, where there exist an important tool for analyzing the evolution (7): the
Neural Covariance SDE (NSDE) [LNR22; LN24], which (informally) states the following:

where ® = { } and A = %]Ip + ®,p. This induces the predictive posterior (4) to

Proposition 1 (Neural Covariance SDE, informally). Fizing a terminal t* > 0 and scale

N — oo, L = [t*N|. For shaped smooth activations (2) and leaky ReLU (3), when taken

;Clt/Q\/N for some aaes > 0, the interpolated covariance process t — ®UND) converges

to a diffusion process ®; € RPXF solving®

S =«

1
AP; = gt - B(Dy) At + /2 AB,®Y2 1 € [0,87], B = XX (10)
0

Here By = % (Et + ET) e RP*P where Et e RPXP has i.i.d. Brownian motion entries.

The drift components b(®) depends only on the base non-linearity Puase-
We formalize Proposition 1 in Appendix A. Recall that our goal is to evaluate the

expectation under prior E [exp (—%UT(I)(L)’U)]. To do that, simply plugging in (10) for
5¢(v) £ v @ € R yields

dsi(v) = UT<I>i/2 dBt<I>t1/2U + aacthb(<I>t)v dt = \@st(v) dW; + ozacthb(CI)t)v dt

where (W})i>0 is a standard Brownian Motion on R. The SDE on s:(v) thus (in theory)
contains all the necessary information to solve Epior[exp(—s¢(v)/2)], integrating which in
(8) will then lead to a closed form solution to the Bayesian partition function.

Although our treatments for P is non-asymptotic in nature, it is still convenient to

balance scale preliminarily. Consider a deep linear network, in which (10) has aaet = 0
1/2

or equivalently s = oo, we have the linear SDE d®; = @, dB,;®'/2, the RHS of which

has operator norm (in fact the entire spectrum) H@%ﬂ dBtCI)l/2H = VP dt||®]|op. As a
op

result, for large P, we will make a time change dr = P dt such that (10) becomes (denote

Cact = aactP_l):

1
AP, = Cact - b(P,) AT + w/ﬁqﬁ/? dB,®Y?%  rel0,7* 2 Pt* = LP/N].  (11)
and we have

ds, (v) = \/2/P - 5:(v) AWy + Cact - v b(®)v AT, s0(v) = v Bow. (12)

3The exact form in [LNR22] is different but algebraically equivalent to ours, see Lemma 3.




We will refer to 7 € [0, LP/N] as the depth-time, which solely controls the ® dynamics
(normalized for large P), and 7* to be the terminal time. The resulting % € O(1) regime
has also been the central pursuit of characterizing the proportional N, L, P — oo limits in
many related studies [HZ23; HZ24; Li+26].

Our results will be parameterized by a 7% > 0 and in the limit of

lim (N,L — oo with L/N =7*P71). (13)

P—oo
Methodologically, we first fix a terminal time 7 > 0. For any finite P, Bayesian statistics
in the asymptotic limit with L, N — oo proportionally such that L/N = t* = 7*P~! can
be computed as a function of P and 7*. Finally, we normalize the result so that the limit
P — oo is well-defined for fixed 7*. Our calculation of the Bayesian partition function
ZWN.LP) with (1) will be based on the following result to Z(") from solving the NSDE,
which we justify in Appendix C (see also Section 4.4).

Theorem 1 (Pointwise convergence of MLP to SDE partition function). Fizx any t* >
0,20 € RN,k € R and finite 3 > 0. In the width and depth limit N,L — oo, L/N = t*,
™ £ Pt* with a fivzed P, Bayesian inference with MLP (1) from Epost s [e*mf(m?e)] o<

ZEN’L’D) (xo, k) has that:

. (N,L,D) ()
N,lLHEoo 2 (zo, k) = Z5 (20, K)

= [ oo |55l + 07 | By exp (~550)] @010

where v = [p", k] and spg is the solution to the SDEs (11) and (12).

From Theorem 1, one can also easily proceed to take P — oo at (14), which justifies
dropping O(P~!)-terms at the RHS via the Lévy’s continuity theorem. Due to the analytic
form of Z(7), in the majority of the following results when not explicitly stated otherwise, we
will analyze Z = Z () the SDE partition function, as opposed to the actual MLP partition
function lim Z(N-5P) (see Section 4.4).

In general, while solving (12) may be intractable for general 7* > 0, the small 7 ex-
pansion (leading partial derivatives at 7 = 0) of E[e~%/?] is still tractable in closed form.
Furthermore, the system can be explicitly closed in special cases, such as when gy = 0
(diffusion-only) and when 7 = ¢} — 0 (equivalently drift-only), corresponding to different
MLP scaling regimes. Our main technical contribution in this paper is thus to extract in-
sights from partially solving (11) and (12) and derive corollaries towards Bayesian inference
in MLPs.

Assumptions Our most important assumption is that P < Ny and that the initial &5 =
N%)X TX e RPXP » 0 is full rank. Although our calculation of Z(F®) does not require
assumptions on the base activation function beyond those in the NSDE (see Appendix A),
the final step of taking P — oo and extracting qualitative results requires more assumptions
in the dataset D. Specifically, we assume that max,, || Xa||?, ming || Xa |12, [ ®o]lop: |®o llop €
©(1) which is true in Marchenko-Pastur-type Gram matrices (when lim P/Ny = A < 1)



and that Y € R” has ©(1)-entries. When these large-P assumptions are not met (e.g. if
|®ollop < P), our finite P partition function calculations are not affected, but the P — oo
limit will render different results (i.e. the set of dominating vs negligible terms may be
different).

3 In relation to prior literature

Bayesian inference A central theme in modern studies of large networks is that neural
networks at initialization can be studied in function space rather than parameter space.
In the Bayesian view, randomness in the weights induces a prior over functions. Earlier
work [Nea94; Wil96; Neal2] showed that for a broad class of priors, the single-hidden-layer
network prior converges (as the width scales) to a Gaussian process, and that the resulting
Gaussian process perspective can be leveraged for principled uncertainty quantification and
inference. These ideas were later extended to deep fully connected networks by taking
L — oo after N — oo first: iterating the layer-wise covariance map yields a deterministic
kernel recursion at fixed depth, giving rise to the Neural Network Gaussian Process (NNGP)
formalism [Lee+17; Mat+18; Tre23]. In this regime, hidden feature Gram matrix (i.e. our
conjugate kernel @) concentrate in the large width limit, enabling a clean characterization
of “typical” network behavior at initialization.

Outside of the strictly infinite-width setting, however, exact Bayesian inference is gen-
erally intractable, motivating a large body of approximation methods that aim to preserve
calibrated uncertainty while remaining computationally feasible [Blu+15; GG16]. Parallel
to these algorithmic developments, recent theory has begun to characterize Bayesian pos-
teriors in scaling limits where computations become analyzable. For deep linear networks,
[HZ23] first derives exact non-asymptotic expressions for the Bayesian evidence and predic-
tive posterior and highlights the resulting effective posterior depth LP/N. This is extended
by [Bas+25] which studies deep linear networks with convolution layers. In the resulting
LP/N € O(1) joint scaling limit with shaped nonlinear networks, [HZ24] develops perturba-
tive first-order LP/N-expansions around the infinite-width N >> LP baseline. The results
in [HZ24] (many of which we will recover and extend, see Section 4) are closest in spirit to
ours. However, their calculations are conducted at a physics level of rigor and rely on many
simplifications of the data and the asymptotic limit. Our framework, on the other hand, is
both mathematically rigorous, conceptually simple, and easier to generalize.

Infinite width and depth scaling Taking depth large introduces new phenomena even
before considering training: stability of signal propagation, gradient explosion/vanishing,
and emergent transitions between ordered and chaotic behavior. Early dynamical mean-
field analyses of large random networks identified sharp transitions in typical dynamics and
provided a conceptual template for later “edge-of-chaos” perspectives [SCS88]. In deep feed-
forward settings, mean-field methods quantify how correlations and norms propagate across
layers, and connect expressivity to transient chaotic amplification mechanisms [Poo+16].
Closely related work on “deep information propagation” formalizes how correlation maps
and their fixed points govern trainability and motivates critical initialization schemes that
keep signal propagation non-degenerate over many layers [Sch+17; PW17].



Complementing the mean-field approaches, various studies on product of many large
random matrices at network initialization also give further insights to deep network initial-
ization and conditioning [HN19a; HN19b; HP21; Li+26; HJ25]. Within these, an important
direction is to study the joint limits in which width and depth grow together (N, L — oo
concurrently), a regime where deterministic infinite-width recursions are no longer adequate
because finite-width fluctuations can accumulate over a large number of layers. For the for-
ward pass of a single input token in the proportional N oc L limit, [HN19b] demonstrated
that in the linear networks, accumulated feature fluctuations lead to log-normal distributions
in hidden layers and gradients, revealing a rich stochastic structure absent in the determin-
istic kernel limit. [LNR22]| furthers this discovery to the flexible framework of NSDEs that
incorporates non-linear activation functions, which are later extended by [Noc+23; LN24] to
ResNets. This joint-scaling perspective is complementary to fixed-depth infinite-width neu-
ral matrix law frameworks that characterize broad classes of architectures at initialization
[Yan21]. In the present work, these simultaneous width and depth scalings are particularly
natural because they yield stochastic limiting objects for Gram matrices [LNR22], allowing
spectral observables and Bayesian quantities to be expressed as functionals of the terminal
covariance state.

4 Overview of technical takeaways

In this section, we go into details of our exact technical results following expressing the par-
tition function with Theorem 1. Each Takeaway is meant to be an informal statement which
we expand in the appendix. They include both the recovery and extension of prior results
derived with different methods as special cases of our framework, as well as novel results
demonstrating our capability of solving previously open regimes. For example, while the
positive temperature case 8 < oo was somewhat difficult to handle in the earlier frameworks
of [HZ23; HZ24], a non-trivial j fits easily into our calculations of (8) with (12). Finally,
we provide insights extracted from Bayesian inference computations in different cases to
answer questions regarding model architecture selection and feature learning.

4.1 Recovering and extending prior results in Bayesian inference

Our first set of results will come from special cases in (11). Specifically, we consider when
either the diffusion term dominates the SDE (equivalently o = 0, s — 00), which yields the
deep linear network, or when the drift term dominates the SDE (equivalently coct = 771 —
00,7 — 0), which yields the infinite-width N >> LP limit.

Linear networks and diffusion-only The simplest starting point in analyzing the net-
work (1) is when ¢ = id the identity map. In this case f is simply a deep linear network
one only needs the limiting product of many large random matrices. Here, the Bayesian
partition function Zg(zo, k) has a mathematically closed solution in the form of Meijer-G
integrals [HZ23] at the N,L,P — oo, LP/N € ©O(1) limit. Below in Takeaway 1.1, we
recover two main results in [HZ23].

e Takeaway 1.1: Deep linear network: The Bayesian partition function in the linear



network Z}jnear(azo, k) has the explicit integration form (for any 7):

inear(7 1 . 1 2
Z}; ™) /}RPE [exp <—25Hp\|2 +ip'Y — 5 €XP <—; +14/ ;G) UT(I)()U>] dp

where expectation is over G ~ N (0,1) and v = [pT, R]T. As an exemplary corollary,
the first-order expansion at 7 = 0 with g = oo is:

dlog Ze ™)
or

_1+oPh
- 4P

[(P(l — ) + HQHx(J)‘H2>2 +2P(1 — 21/0)]
=0

where vy = P~'Y T®; 'Y is the linear interpolator norm of D, and 23 L span(Xp) is
the orthogonal component projecting test zg to the span of the training inputs Xp.

We will show Takeaway 1.1 with our NSDE framework in Appendix A.4.

Infinite-width kernel limit While non-linear networks are remarkably more compli-
cated than their linear counterparts, the infinite-width Tiermina) = LP/N — 0 limit, which
can be shown to effectively kills the diffusion terms by a time-change and leaves an equiva-
lent Neural Covariance ODE, is solvable. In this limit, without the activation function,
the conjugate kernel of linear networks is trivially ®; = ®g with the identity feature map.
This trivial reduction is also true if s € ©(N'/2) by Proposition 1. Alternatively, we show
that a stronger shaping s € ©(L'/?) (which is equivalent to s € ©(N/2) with positive
lim L/N > 0) induces a non-trivial deterministic kernel method when lim L/N = 0. This
fact was established in [HZ24] with cubic activation ¢pase = @ + Va3, ¢ps(z) = 2 + %x?’,
which we will extend to general activation functions. Since an ODE guaranties a determin-
istic answer, Bayesian inference reduces to a kernel method, which gives a deterministic yet
training-data agnostic feature map (that explicitly only depends on ¢, ¢pase)-

e Takeaway 1.2: Data agnostic feature map in the infinite width limit: In the
large width N >> LP limit, Bayesian inference (at any temperature) for MLP (1)
with shaping (3) and (2) where s = (cact/L)~'/?, reduces to a data-agnostic kernel
method (9) with a feature map fo(x; cact, Ppase) € R>. In the zero temperature case,
the predictive posterior at test xg is a Gaussian with mean and variance

po(x0) = D @Yy, (@) = [lfo(z0)" | (15)
neD

where fo(xo) = fo(xo)l-i-zuep aufo(,) and fo(xo)t is orthogonal to span,, (fo(z,))-

We justify this statement precisely in Appendix A.5. It will also be apparent that cact € 0(1)
implies a trivial feature map (equivalent to the linear network), and c,cty = oo admits a
unique (although possibly divergent) limit for the kernel, thus the criticality s = ©(L'/?)
at the infinite-width limit. Since we mostly assume a fixed @pase, we will also use fo(z; cact)
to short-hand the feature map and discuss the role of c,¢ later.

10



4.2 Small depth-time perturbation

Now we turn to the more general case where neither the infinite width non-linearity induced
kernel nor the linear network effect dominates the partition function. Firstly, we need to
decide the shaping factor of ¢, such that non-linearity effects contribute at the same order
as linear networks. Motivated by the infinite-width limit as well as (11), we consider the
following shaping;:

Sanape = \/ ot N/P = \Jeal L/ (16)

with caet € ©(1). Our main technical result concerns perturbatively solving (5) under (16)
in the first order of 7 = LP/N. Noticing that Z () is the kernel method (9) with input
kernel ® = ®( regardless of model, we can thus compare ﬁ 0:Z| . _y= 0-logZ| .

e Takeaway 2: Perturbative expansion of 7 (7). The 1st order partial derivative of
small 7 = £ in the joint limit (13) with shaping according to (16):

0rlog 2§ ()| _ = 0rlog Z§"™ ()| _ F cact Blog ZE™ (5 folie))| (A7)
is the sum of first order derivative in the linear network component in Takeaway 1.1
and infinite-width kernel component with partition function (9) in Takeaway 1.2.

Balancing the two terms in Takeaway 2 immediately implies the critical c,er € ©(1) in (16)
is indeed the appropriate scaling. We show (17), as well as the following set of corollary
takeaways in Appendix B.

Perturbative Bayesian evidence Eqn. (17) is already a strong statement that allows
us to draw interesting corollaries. For instance, this implies that first order Bayes evidence
Pprior (D) o< Zg(0) in (5) is just the sum of the linear network evidence and the infinite-width
kernel evidence. See Appendix B.1 for an elaborate account.

e Takeaway 2.1: Bayesian evidence at small 7. In the first order of small 7 expan-
sion in the joint limit (13), the Bayesian evidence is given by (at 7 = 0 and up to
O(P~!) remaining terms):

Cace 108 Z5(0; fo)
P Oc

Por 4

(18)

0log ZéT)(O)_ 1/ 4
P

2
vy — 1 Tr ((IJO(<D0 + /3111)1)> +

where v = P71Y T (@ + B7) 10y (®g + A1)V is the (normalized) RKHS norm
of the Kernel Ridge Regression estimator. We normalize both sides by 1/P because
the log marginal of data is logP(D) oc P. When ¢yt = 0, the remaining first term is
equivalent to that of the linear network in Takeaway 1.1.

It is notable that while the linear network evidence can be shown to always increase with
depth, such is not true with the infinite-width kernel in Takeaway 1.2. As a result, de-
pending on the exact scale of cact, Wwe may encounter phase transitions in the form of “depth
is only beneficial if non-linearity is not too strong”. We list some specific corollaries of this
flavor with concrete D in Section 4.3.
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Adaptive prediction kernel at 7 > 0 Another corollary of (17) is that we can derive
an equivalent feature map for the predictive posterior in the zero temperature regime. We
show this in Appendix B.2.

e Takeaway 2.2: Equivalent data-dependent feature map at small 7. In the first
order of small 7 expansion in the joint limit (13) at 8 = oo, the Bayesian predictive
posterior of at test data xg is (approximately) equivalently given by kernel method
with the training-data dependent feature map:

T — Z aufo(Ty; CaceT) + (1 + 1(1/0 - 1)7) [ (Za; CactT) (19)

2
€D

where a,, follows the definition in (15). The predictive mean remain un-changed from
(15), whereas the variance is reshaped as a function of the training dataset.

By approximately given, we mean that we drop O(P~1) 4+ O(7?) terms in the partition
function Z. An important remark is that while the predictive posterior is equivalently
given by a kernel method with an explicit feature map, the full Bayesian partition function
is not given by the same kernel method (in contrast to Takeaway 1.2). Such equiva-
lence is only possible by the fact that the leading order derivative of the partition func-
tion 0, Epost[e /()] = 0, [log Z (o, &) — log Z(0,0)] is a quadratic polynomial of  (after
dropping o(1) terms) at 7 = 0 (Proposition 9).

4.3 Interpretations of perturbative results

Given the above results, it is natural to ask: what do our technical takeaways imply in terms
of model selection and prediction? In particular, what data distribution does deeper network
or non-linearity prefer or penalize, as evaluated by the Bayesian evidence 9;P(D) > 07?

We make some concrete interpretations of our findings when ®5 = pl + o(1), i.e., when
the input data have a fixed norm p > 0 and are (approximately) orthogonal to each other.
Such conditions typically arise when input data are from isotropic Gaussians, or when batch
norm is applied. In the proportional joint limit with a small terminal LP/N, we justify two
novel findings from our Bayes calculations in the form of when data favors depth or non-
linear activation strength in the model likelihood. We show these results in Appendix B.1.

e Takeaway 3.1: Smooth activation. Under normalized inputs, for deep MLPs with
Cact-shaped smooth activation (2) and (16), depth is beneficial (at first order LP/N)
to fitting if and only if:

1 pllyll® P >2 {p(2 (e1+co)p—(3c1+2¢2)), o
0 §4 <(P+5_1)2 p+pt + Cact 2(p+ 712 llyll
+ ¢”~H2 _ (381 + 202) ,0(/) _ 1)}
2p+ 512 200+ 51)

where 1 = (¢,5(0))%, c2 = 5610 (0), and yl* = 5 Xp Y2, [71* = 5(Xp Ya)*.
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e Takeaway 3.2: ReLU activation. For deep MLPs with cyct-shaped ReLU activa-
tion (3) and (16), depth is beneficial if and only if:

0<1< pllyl>  p
"4 \(p+p1)? ptB

where [ly[|* = £ Xp Y2, 1717 = $(Xp Ya)®.

’ (C+*Cf)2p
) o e =R (P - )

4.4 Perturbative convergence from MLP to SDE

Because our above takeaways use the SDE partition functions, not statistics from the actual
MLP, it is thus necessary to explain how they are mathematically rigorous and what types
of limits are necessary to translate SDE takeaways to MLPs. Theorem 1 gives us point-wise
convergence (for each 7) along the forward passage, but perturbative takeaways do not
immediately follow. While taking the perturbative limit in discrete Markov chains is not
well-defined, we can show a stronger convergence from MLP layer-wise to SDE, which we
will justify (alongside with the proof of Theorem 1) in Appendix C.

e Takeaway 4: Uniform convergence of generator. Fix v € RP*t! and time T > 0
1
and let F(®) £ e~2V ®_ Define the rescaled discrete-time difference per layer in (1)

DNF(t,®0) 2 N (Epior [F (@) = By [F (@1VD)])

and the limit (taken from applying Ito’s Lemma on F'(®;))

DF (t,®0) 2 Ey) [LF (®,)] = E (10, [F (®,) (—;aacthb () v+ i (UT¢t0>2>] .

Then for any compact K,

sup  |DyF (t,g) — DF (¢, )| — 0.
te[0,T),®oeK

As a corollary with dominated convergence theorem, for any xg,x and ¢, 8 > 0, we have

N

(N,{+1,D) (N,,D) ()
= (ZB - 7 ) = 0:20 o m)| _, (20)
We present this convergence formally in Theorem 5.
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A Computing the prior: Neural Covariance SDE

Let us first lay out the foundations of NSDE as we need. Recall again the forward pass (1):

1 [ c /| c
z1 = \/7N—0W0377 ¢E = ¢S(Z€)a 2041 = NWZQbZa Y = Zout = Nwoutd)L eR
Consider network weights at initialization with shaped activation ¢4 in (1) on a finite dataset
D. The key is to analyze how () = [%(gﬁ?, gﬁ?)} selp changes from layer ¢ to £+ 1. Using
a,be

the conditional Gaussian structure of (g7') , and a Taylor expansion of ¢ at zero, [LNR22]
shows that for large n the update:

U+ — o) 1 ib(q)(é)) +

N —— ()26, (D)1/2 4 higher ordered terms

VN

where & € RP*P is sampled from a Gaussian Orthogonal Ensemble , and b is a deter-
ministic bias functions that connects with the activation. Intuitively, the 1/v/ N zero-mean
fluctuations come from the variance averaging over N neurons; the drift b(®) comes from
the first non-vanishing nonlinear terms in the Taylor series of the activation function. We
then let N — oo and L — oo with % — T € (0,00) and define the continuous “depth-time”
index t € [0,T] via ¢ ~ tN. Interpolating ® as a cadlag process ®(N]) £ @EN), Ethier-
Kurtz-type results on convergence of Markov chains to diffusions imply our convergence to
the solution of a stochastic differential equation, as we see below.

A.1 Local convergence

Let us first set up the proper notion of local convergence needed from the MLP to the
Neural Covariance SDE.

Definition 1 (Local convergence in the Skorokhod topology). We say a sequence of pro-
cesses X" converge locally to X in the Skorokhod topology under a continuous test function
f - —=10,00] if for any r > 0, the following stopping times

MW Eif{t>0: f(XP)>r}, m2if{t>0:f(X)>r}

r

has that X/ om = Xear in the Skorokhod topology. Furthermore, we say that the process

X, does not have finite-time explosion if P(lim,_o 7 = 00) = 1.

Building on the definition, we can immediately show the following (proof deferred to
Appendix D).

Lemma 1 (Non-explosion of pre-limit). Suppose a sequence of processes X™ converge locally
to X in the Skorokhod topology under a test function f : - — [0, 00], and that the limit process
Xy has continuous paths and does not have finite-time explosion. Then for any r,t > 0:

lim sup P (T,S") < t) <P(r < 1)
n
and as a result lim, o, lim sup,, P (Tr,(n) < t) =0.
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The main reason for the necessity of local convergence is that the drift terms in Equa-
tion (10) are not always globally Lipschitz. To that end, we had to introduce the stopping
times 7, such that under F,., the drift is bounded and Lipschitz. Let us now specify the
exact statement for convergence from MLP to Neural Covariance SDE below.

A.2 ReLU networks

Consider the network defined in (1) where ¢4(x) = sy max(z,0) 4+ s— min(z,0) is (leaky)
ReLU-like with shaping from (3). The NSDE is formally defined as follows.

Proposition 2 (NSDE in ReLU networks, see Theorem 3.2 in [LNR22]). In the notations

of (1), let ) € RPXF ywhere @g% = ~ <d>?, gbf> and shaped activation

¢s(x) =z + % (cy max(x,0) + c_ min(z,0)), s= (N/aact)1/2.

In the limit N — oo,% — T < oo, the interpolated process ®(Ln)) converges locally
in distribution in the Skorokhod topology of Dy, gprxr under the test function f(®) =

max{(ming, @ne) ", max, oo} without finite-time explosion to the solution of the SDE

1
ADy = traer - b(®y) dt + 0% ABDY? @y = [ <x°‘, xﬁﬂ ,
No 1<a<pB<P

T

where if we let p(x) = (CSA <\/1 — 22 — xarccos :c), Dy £ diag(®;), then

b(@) = D°p (D7 /2007 1%) DY e PP
in which p is applied entry-wise to the normalized P X P matriz.

In particular, p(1) = 0. As a result, the diagonal entries follow a geometric Brownian
Motion without drift, which explains the finite-time non-explosion. We will also use the
fact that the drift-only ODE evolution (Proposition 2 dropping the diffusion term) admits
a deterministic feature map independent of D.

Proposition 3 (ODE feature map, ReLU). There exists a feature map f : x € RN ¢ €
R — R* such that the P x P kernel matriz

((I)C)Oéﬁ = <f(x0m C)a f($ﬁ7c)>
satisfies the matriz ODE (following notations of Proposition 2),

dd, = b(®,) de, b(®;) = DY?p (D;l/ 29,0,V 2) DM?* ¢ RP*P

Proof of Proposition 3. From Proposition 6 and Lemma 5, we know that the ODE path is al-
ways PSD. For any finite set S € R™0, solve the ODE for the restriction ®7. Since the vector
field is entry-wise and compatible with restriction to subsets, these finite-dimensional solu-
tions are consistent under restriction. Hence they define a positive-definite kernel K. (z,z’)
on the whole input space, and Moore-Aronszajn applies. Thus, a feature representation
induced by the respective RKHS exists. Because this kernel operates on the entire space
RNo of possible inputs, it cannot be dependent on the specific D. O
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A.3 Smooth networks

Consider smooth base activation function ¢p.s. € C4(R) before shaping via (2) that satisfies:
A1 First two orders of derivatives 0 = ¢(0) = ¢'(0) — 1.
A2 There exists some C' > 0 such that |¢(*)(z)] < C (1+ |z[).
A3 Negative third order derivative 2¢"(0)% 4 ¢"(0) < 0.

The second and third assumptions are technical ones arising from the derivation of NSDE,
we refer to [LNR22] for a careful narrative of their necessity. These assumptions were
satisfied by common activation functions such as Sigmoid, Tanh, and Soft-Plus.

Proposition 4 (See Theorem 3.9 and Proposition 3.7 in [LNR22]). Assuming that ¢ sat-
isfies assumptions A1-3. Consider the forward pass (1) with shaping ¢s(z) = sp(z/s), s =
(act/N)Y2. In the limit N — oo, % — T < oo, the interpolated process ®(1") con-
verges locally in distribution in the Skorokhod topology of Dy, grxr under the f(®) =
max{(min, @oq) ", max, oo} without finite-time explosion to the solution of the SDE

1
AD; = Qaey - b(®y) dt + @,/ dB, @)%, Dy = [ <x°‘, xﬂﬂ :
No 1<a<f<P

Here By = % (Et + ET) e RP*P where Et e RPXP has i.i.d. Brownian motion entries.

The drift components b(®) is given by:

1 1
bap(®) = 1¢"(0)2 [Paa®Psp + Pap (2Pas — 3)] + §¢"'(0)<I>a/3 (Paa + Pgs —2).

for all o, B € [P].
Following Proposition 3, we also have the ODE feature map statement.

Proposition 5 (ODE feature map, Smooth). There exists a feature map f : x € RNo ¢ €
R — R such that the P x P kernel matriz (®c)apg = (f(za,c), f(xs,c)) satisfies the matriz
ODE d®. = b(®.) dec where

1 1
~¢"(0)? [Paa®ps + Pap (20ap — 3)] + §¢’”(0)‘1>a/3 (Paa + Pps —2).

baﬁ(‘b) = 4

Proof. The proof follows immediately from the proof of Proposition 3 as well as combining
Proposition 6 and Lemma 5. O

PSD-ness of the SDE solution As a final remark, because the MLP conjugate kernel is
PSD by definition, and that the SDE kernel (10) has a continuous path, (local) Skorokhod
convergence implies weak convergence pointwise (up to each local stopping time). As a
result, both convergences in Proposition 2 and Proposition 4 guarantee positive semidefinite-
ness on the Neural SDE solution ®; > 0 for any ¢ > 0 in the limit. See Lemma 5.
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A.4 Special case 1: deep linear networks

Let us justify Takeaway 1.1, the main result in [HZ23], as the first special case. An
important aspect of Proposition 1 is that the NSDE separates two effects in the Gram
matrix ®; dynamic: a multiplicative stochastic component already present in deep linear
networks and a drift term induced by shaped nonlinearity. Indeed, with a deep linear
network (identity activation function), taking ¢s(x) = x yields equivalently cx = 0 in
Proposition 2. In this case, the NSDE becomes

dq)t = q)tl/z dth)l/Qa tdepth = K/N, tterminal = L/N

which is diffusion-only. The terminal time tie;minal parameterizes the action at fixed P. As
in the main text, for a large P — oo, a analysis of the operator norm yields

1/2 1/2
192G, |l op = VP|[ D¢ ops

for a symmetric iid Gaussian G. To balance the sides we will naturally make a time-change
d7 = P dt such that

1
ﬁqﬁﬂ dB,®Y?,  Tgepn = PL/N, 7 € [0, Tverminal = LP/N] (21)
which recovers the LP/N rate independently derived in different ways from [HZ23; HZ24;

Li+26]. Let us now solve (5) in the case of deep linear networks by (21). Simple algebra
reveals that s,(v) £ v ®,v € R follows the SDE (for a fixed p € RF)

d®, =

1 2
ds;(v) = ﬁﬂ@lﬂ dB,®}/%y = \/ FST(U) dW,, so=7v'®gv

where (W) is a standard Brownian motion in R. This means that s:(p) is a Geometric
Brownian motion with a closed terminal expression

sr(v) =a 30(’0) exp <_; + \/§G> ;o G~ N(Ov 1) (22)

and thus the partition function in the propositional limit reads (in this subsection we will
use Z(7) to denote linear networks for convenience)

1 1 2
exp <—26||]0H2 +ip'Y — 5 eXPp <—]TD +14/ ;G) ’UTCI)()U)

where the expectation is taken over G ~ AN(0,1). This simple derivation justifies the first
part of Takeaway 1.1. To take the perturbative limit 8,Z(7) without differentiating under
the integral, consider applying Ito’s lemma on s, = v' ®,v > 0:4

Z/Sf) (o, K) o</ E dp
RP

2 1
;= Zs, B’T —s7/2 _ —sr/2 = 2 . -~
ds ”PSd , de e 4PsTdT+()dW

4We drop the distinction between % versus %H here because technically the NSDE is now applied on

the (P+1) x (P +1) Gram matrix on DU {xo}. The P vs. P+ 1 distinction is absorbed in O(P~") factors
that will be present in the partition function in any case.
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and as a result (see Lemma 2 for justification)

1 ( so) 9
— —— eX —_——
r—0  ap P77y ) %0

and since exp(—z/2),z > 0 is bounded below and above

&, Ele™*/?

1 2 T 50 L o
= _—— Y _—— - —_— d
=0 /RP P < ap Pl + V=5 ) - pso dp
This is a Gaussian integral because sg is a quadratic function of p, so 9;Z can be seen as

the expectation of ﬁs% up to a normalizing constant. In fact, the normalizing constant is
exactly

8TZéT) (z0, k)

Lowe 1, Lo\ S (r=0)
[ oo (=55l +iY o= 5s0) = 257 (oo

by (8). As a result, we have that:

1 1
0; log z7) (o, k) = 7872(7) (0, K) =E, .. [52]
8 =0 20 () PN | 4p0
7=0
where p follows the (complex) Gaussian distribution
1\ !
p~N ((‘ng)l(iY — Bpr),  (Bpy) ' E <<I>pp + 6H> ) (23)

®,, € RPXP
D, D €R
gives us a closed-form formula for the first-order perturbation of the linear network partition
function without integrating.
Let us now focus on the 8 = oo case and evaluate the expectation directly

where &g = is the decomposition of input Gram matrix. This

50 =D Pppp + 26p " py + KDy (24)

is a quadratic polynomial of a Gaussian. When 8 = oo, simple calculation yields that:
2
2 Tg-1 2 -1 Tg—1
Ep(23) [55] = [(—P +Y 0 Y — k% (Brp — Ppp®py <I>pn)) +2P —4Y 'O, Y] (25)
which directly proves Takeaway 1.1.
Dropping Ol(Pfl).terms. Expanding (25) and denoting vy = P~'Y @, 1Y, [Jay|* =
b, — <I>,{p<1>;p ®,,; gives

1 1
—— [P(l —10)2 +2(1 — 2u0) + 2(1 — wo) ||z || 262 + Puxéu%‘*]

9-10g Z{) (20, k) 0T 1

is a polynomial of k. Keeping only the top order (in terms of P) in each coefficient yields
_1+o0Ph
7=0 N 4

As a sanity check, this scale is correct because 0; log Zo(0) = 0, logIP(D) € ©(P) and that
Orvar( fpost(z0)) € ©(1). Therefore, taking P — oo is well-defined.

0r log 20 (o, )| P(1 = v)? +2(1 = w) | |Ps]
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Positive temperature 5! > 0. Finally, let us address the effect of temperature. Plug-
-1

ging in the completed Gaussian p ~ N ((@Iép)_l(iY — k), (@gp)_l £ <<I>pp + %H) >

into the expectation ﬁE [(qu)ppp + 2/@pT<IJp,.C + /@2@,.%)2] yields the polynomial expansion

Rl = 22 2L e 9 4
el = Tttt YR Tt

where denoting Ig = ‘bpp(‘igp)*l < I, we specifically need the following coefficients

2
Co = | (1)~ Y7 (@) 151 )| 2T (15)%) 4T (2) 7 1Y,
Cy=ip! [(I)f-m - (I)Hp(q)gp)_lq)m - ﬁ_l(bﬁp((bgp)_2®p”} (I)Rp((bgp)_2y
2
O = [ — D) By — 1 (@) 20y

Under our standard assumptions on ®¢, one has that ®,, = ||zo[|* € O(1), || Pxp||? € O(1)
so Cy € O(1). Furthermore, ||Y| € O(v/P) so C3 € O(+/P). In other words,
1 Co O Cy » -1

B O I ) p-1/2

pr bl = gp gt gpr H O
is still (approximately) a quadratic polynomial of k.

Another identity we will use later on Bayesian evidence (k = 0) at positive temperature

B < oo by plugging in so = p' ®,,p and (23) into E[s3] is that
1

(1) - Y7 (@) 1y)] + % Tr ((1p)%) — Y T(05,) 7 (1p)%Y

1 1
_—_Fls?] = —
1Pl = 15

Keeping only the leading orders of large P, we are left with

1

o~ P ) =Yg, (@) Y] o) (20)

drlog 23 (0)

[ Te(®y(2,

in which 8 = oo recovers Corollary 3.9 in [HZ23].

A.5 Special case 2: Neural ODE in the infinite-width limit

Let us now study the second special case, which involves the infinite-width limit and
tierminal = L/N — 0. At a first glance, (10) when tierminar = 0 will only return &5, = @
which leads to kernel method with the trivial identity feature map. Let us copy the NSDE
with s = \/N/auet and a fixed P here as

AP; = iaet - b(®y) dt + B,/2 dBD,2, t e [0,L/N].

With a direct time-change dc = ayt di, we have that

1
d®. = b(q)C) de+ T(I)i/z dBCcI)ima S [07 Cterminal = Qact? = L/S2]' (27)
act
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Equation (27) post-time change now allows sending ¢ — 0 so long as Cterminal > 0, and
we end up with the ODE d®. = b(®.) dc. In other words, when we take the shaping
s = (Cterminal/ L)_l/ 2 the infinite-width limit admits a unique ODE parameterized by c.

Let us now be more precise in the exact limit taken and MLP convergence to the ODE
by the following theorem in [LN24] which covers the limit L = N'=¢. The strict N — oo
first, then L — oo (effectively p = 0) limiting case has been derived using independent
methods in [ZBM22; HZ24]. The resulting ODE remains unchanged.

Proposition 6 (Neural Covariance ODE, Proposition 3.4 in [LN24]). Fiz any p € (0,1/2)
and P > 0 and consider the limit where L = N?P — 00,5 € @(L1/2). Conjugate kernel
evolution in the shaped ReLU MLP (resp. shaped smooth MLP) converges to the drift-only
ODE d®. = b(®.) de, c € [0, L/s%] weakly with respect to the Skorokhod topology of Dy, sp.

Because the ODE removes stochasticity in the diagonals, the convergence is thus global
and not just local. As justified in Proposition 3 and Proposition 5, in both smooth and
ReLU cases, the Neural Covariance ODE yields a deterministic, D-independent feature map.
Combining the above arguments and Proposition 6 into, we immediately get the following.

Theorem 2 (Takeaway 1.2: Kernel method in the Neural Covariance ODE). Fiz any
p € (0,1/2) and P > 0 and consider the limit where L = N* — oo, s € ©(LY?). Bayesian
inference is equivalent to a kernel method with feature map fo(z;c = L/s?) defined by the
Neural ODE that only depends on s and ¢pase-

Finally, when L/s?> = ¢ € o(1), the neural ODE gives the identity feature map, and
when ¢ — oo, the kernel becomes the solution to the ODE at ¢ = oco. It is not hard to check
that in both cases of Proposition 2 and Proposition 4, the drift-only ODE at infinite-time
converges to a single fixed stationary solution (depending on ®g). Therefore, s € O(LY/?)
is the unique non-degenerate scaling.

B Perturbative expansion with small depth-time

In this section, we justify the takeaways in Section 4.2 for the NSDE partition function
when perturbing around small 7 = LP/N. Let us first present a modified Dynkin’s formula
(the proof deferred to Appendix D).

Lemma 2 (Differentiation of expectation). Assume that the coefficients b : R? — R¢ and
o : R — RIX™ qgre locally Lipschitz and continuous. Let xo € RY, and let (Xt>0§t<r be the
unique local strong solution to the stochastic differential equation:

dXt =b (Xt) dt + o (Xt) th, XO = X0

where T = limp TR is the explosion stopping time such that b(®;),o(P;) are bounded and
Lipschitz within [0, 7). Then, for any function f € C? (Rd), we have:

i E [f (X¢) Lisery] — f (w0)
t—0 t

— b (20)" VS (x0) + % T (o (20) o (w0) T V2f (20))
In particular, if P(T = 00) = 1, then

% ot E[f(Xy)] = b(xO)TVf(l’o) + %Tr (a(mo)a(xO)Tvzf(xo)> )
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Lemma 2 immediately allow us to show Takeaway 2 by a simple Ito’s Lemma for a finite
P via the following arguments. Recall that s;(v) = v'®;v, the above lemma applied on
F(®) = exp (—v'®v/2) suggests that

0.k [exp (—%)} = exp (—%0) (—;cact 0T b(Po)v + 4;5(2)> (28)

applied on (12). Very similar to the linear case (Appendix A.4), one can proceed to integrate
over p via the equivalent Gaussian integral (23). To justify Takeaway 2, let us first explain
why differentiation and integral can be swapped, or in other words, why

Or Y P apllelg {exp (—%)] dp = / eiYTp_%‘lpHQ(?TE {exp <—S§>] dp.  (29)
RP RP

Writing both sides as expectations over p ~ (23) as in the linear case, this is equivalent
with swapping differentiation with expectation (over p) in

1 1 Sr— S S
T L 2 = ot 0 o7
/RP exp (zY P QBHPH 250) E [exp < 5 )] dp x Epo23)E [exp ( 5 )} .

By dominated convergence, we only need to show that:

s ()] =B |

This is true because for any architecture, c,ctb(®p) is a constant matrix so —%cact -UTb(<I>0)U+
&sg is simply a polynomial of p, which has bounded first moment. Furthermore, since
50 > 0 one has e=*/2 € (0,1), so the condition for dominated convergence is valid. Hence
(29) holds for any ®g > 0.

Combining (28) and (29), we get the corollary statement which justifies Takeaway 2.

1
— g Cact ° va((IDO)v + sg

EPN(23) |: E :| < 0

Theorem 3 (First-order expansion of log partition function). The first-order small T par-
tition function of the Neural Covariance SDE (11) with shaping (16) can be written as:

(1)
07 log Zg

T=

1 1,
) = Cact - Epian) [—20 b(q’o)v} +Ep(23) [4]350] (30)

at any B > 0.

The second term in (30) is the linear term from Appendix A.4 based on the fact that
the Gaussian distribution integrated over p does not change at 7 = 0. To see what the first
term represents more clearly, consider again the Neural ODE kernel from Appendix A.5.
From the ODE d®. = b(®.) dc we have that:

1
dexp <—2vT<I>Cv>

Now we can swap in differentiation placement for the exact reason as above to get:

1 1
- = —5exp <—250> v b(®g)v

1
Z5m (5 fo(50) = id)

1
0cZ5 (5 fo(50)| = Eag) [—QUT”(‘I’O)U]

c=0

which is exactly the first term in (30), in turn justifying Equation (17).
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B.1 First-order evidence and interpretation

From Equation (17), the perturbative evidence (18) in Takeaway 2.1 follows easily by
taking x = 0 (so that Z(xo,0) = Z(0)). The non-linear component is copied verbatim, and
the linear evidence follows from (26) directly. Having now the exact expression for

0:Z(0) = 0:Pprior (D)

we can interpret the expression as architecture preference for the data. Specifically, we
analyze the question of

LP
when does a larger N increase Bayesian evidence (deeper is better) 7

We do so by evaluating (recall (26))
1 2
d-log Z(0) = P Tr(®(0%) 1) — YT(<I>5)—1<I>(<I>/3)—1Y] + cactdc log Z5(0; fo(-, )

at 7 = 0. For the data-generating process, we assume that there exists a norm p > 0 such
that

[P0 — plpllop € o1)
that input data are close to orthogonal to each other and all have norm close to p. Fur-

thermore, we assume that [1TY| = |3, Ya| € O(V/P). In this case, the linear evidence
evaluates to the simplified expression

. ) } 2 P |y r Y
uaiﬂé@%w—yﬂ¢%]¢@ﬁ>”ﬂ‘—4<pvw/awz‘p+ﬂl)

Now for the non-linear part we need

1

0ulog Z5™ (03l 0)| ) = By |~ (.

c=

Below we evaluate the drift-induced evidence for each different b.

Smooth activation function In the smooth case we have:
bag(q)) = [(I)aaq)gﬁ + (I)QB(Q(I)QB - 3)] + Cz(I)ag ((I)aa + (1)55 — 2) , VYa,B € [P]

where ¢; = 1(¢”(0))?,c2 = 3¢ (0). The Gaussian expectation evaluates to:

RERR
c1p? 2 5 (Be+2e)p(p—1)
2(p+B71)? (]lTY) -r 20+ 871

As a result, we have the following statement.
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Proposition 7 (Architectural takeaway for smooth activation). Under the ||®g — pl|op =
o(1) training data Xp assumption, deeper is better, equivalently 0;P(D) > 0, if and only if:

10 Y2 e N fr2(cate2)p—(3er+2c2)) 10
< (Fo s ) e P

c1p? 2 (3e1+2e2) p(p— 1)
o1 YY) st }

where ¢1 = 1(¢"(0))%, c2 = 3¢ (0).

ReLU activation function Similar to the smooth case, in ReLLU networks recall that

b(®:) = (e —c-)* D%p (D 20,07 V%) D)

for p(z) £ &= (\/ 1 — a2 — xarccos 3:) The Gaussian expectation evaluates to:
L 1 (cy — C—)2 P Tv)? 2
E|-5p b@)p| = ;25 | (17Y) = Y.
-5 beon| = 1o 1
As a result, we have the following statement.

Proposition 8 (Architectural takeaway for ReLU activation). Under the ||®o—pl|op = o(1)
training data Xp assumption, deeper is better, equivalently 0.P(D) > 0, if and only if:

1 PHYH2 P 2 (C+—C_)2p T2 )
0 SZ <P(p+ﬂ_1)2 B p+6_1> +Cact'W |:<]1 Y) — ||Y|| :|

B.2 First-order predictive posterior

Let us apply (17) to the predictive posterior at test xy and justify Takeaway 2.2. The
predictive posterior can be read off from the partition function directly as the characteristic
function

log IE’post [GXP{—in(UCo; @)H = log Zﬁ(l‘o, "43) — log Zﬁ((L‘o, 0)
Because the constant (k = 0) terms are subtracted from the posterior, we will only work

with k-dependence and use a constant C' to placehold any quantity irrelevant to x. Taking
differentiation on both sides, we have thus:

Or log Epost,rlexp{—ik f(z0;©)}] = 0 (log Zg) (o, k) — log Zg) (zo, O)) :

At 7 = 0 the init condition of the forward pass, log E,og is a quadratic polynomial of k (as
one can tell from Equation (9)). Furthermore, the posterior is a Gaussian random variable
if and only if log Epo is a quadratic polynomial of &.

Let us examine the x-dependence of log Z3(zo, k) in light of (30). Note that

1
Ep~(23) |:—2UTb(q)0)’U:| y U= [pTv H]T

is by definition a quadratic of k. From Appendix A.4, we also know that E,(23) [ﬁsg] is
(approximately) a quadratic polynomial of k for any . This gives us the following result.
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Proposition 9 (First order predictive posterior Gaussianity). For fized k, the first order
perturbation O, longost[e_mf(xo)] is a quadratic polynomial of k up to O(P~Y2) terms at
any B > 0. As a result, at the first order of small LP/N the predictive posterior remains
Gaussian in the P — oo limit.

Let us carefully compute the exact Gaussian for the simplified case 8 — oo, in which the
higher order terms 3, x* from linear networks are smaller at O(P~!). Recall that (writing
sg = v ' ®gv as a function of x and following notations in Appendix A.4):

1 1+0(P™h

1pir(29) [s0(r)*] = — 1= vo) [l |I*K* + C

where C' is independent with x. Hence

14+0(pP7t
P (0 o 22 + €

1
9:10g Z7) = Caet - Epe23) [_2UTb(<I>0)U] +

Let us now find the respective feature map f(T)(-) such that the induced kernel method
(9) has the same predictive posterior equivalent to the above. Recall that the Neural ODE
(Appendix A.5) gives that for

1
Or log ZX™ N (o, 5 fo (5 7)) = Epgan) [—QUTb(%)U] +C

SO
1
B: log ZX (w0, 13 fol-s cactT)) = Cact - Eag) [—QUTb(%)v} + C. (31)

Denote the quadratic polynomial expansion of ix:

1 1
E(23) [—Qva(CI)O)v] =C —ikeyp — 5/1202, c1,c0 € R.
SO
kernel(

)

fo - 1 B
08 Ziemel(0: o) ~ " (Pup@p Y +7 - cacter) — 512 (0§ + 7 - cactez) +O(% + P7).

Note that (9) asserts (when B = o0o) that for kernel method the k2 coefficient in log Z
only depends on the orthogonal component of test f(7)(xq) to f(7)(D), whereas the mean
is determined from the linear combination of training labels. Here we see that the mean of
first-order predictive posterior remains unchanged from the neural ODE, and the variance
gets changed. As a result, it is natural to define the feature map:

f("') L X0 — Z ay fo(xy; CactT) + )\fd‘(l'OS CactT)
z, €D

where fo(2a) = fo(za)t + > pep aufo(zy) and fo(wa)*t is orthogonal to spanp(fo(-)) (see
also (15)). This yields the effective

Zkernel(_ : f(’T) )

. 1 )
log Zremero; f) = i (PP p Y+ Tacicr) = 5 R*A? (lag 12 4 7 actea) + O+ P~
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(1)
Note that (17) evaluates log M to

z)(0)

1
—ik (Prp®p,) Y + TCactc1) — 552 (Hxéw +7 [CaCtCQ + (v — 1)||x(ﬂ|2D +O0(r* + P

we only need (independent of ¢; and cg)

192 12
T + 7 |CactC2 + (o — 1) ||z
)\2: H OH |:LaC2t 2 ( 0 )H 0” ] :1_'_(]/0_1)7__1_0(7_2)
|z ||? + 7 - cacte2

for
Zkemel(.%'(], K; f("')) B Zg) (3507 '%)

Zeemel(0; f) 8T 0

To summarize the above, we have the following result.

+ 0(7'2 + P_l).

log

Theorem 4 (Equivalent feature map). At zero temperature  — 0o, kernel method induced
by the feature map

1
f7 20 = Y apfolay; aat) + Mg (@0 o), A=1+ (0 -1,
z, €D

where fo(xo; cactT = L/s%) is the ODE feature map from Theorem 2 and coefficients a,
follow (15), gives an equivalent predictive posterior characteristic function log Z(zo, k) (at
any test point xq) for Bayesian inference with NSDE up to O(t% + P~1) terms.

C MLP convergence to SDE

Finally, let us take care of the exact convergence from MLP to NSDE regarding the partition
function. We will show two statements: a pointwise convergence statement (Theorem 1)
as well as a (stronger) statement on the perturbative limit (Takeaway 4, see Theorem 5
below). Because one cannot define the partial differentiation with discrete Markov Chains
in the MLP (as opposed to the NSDE in Appendix B), our perturbative analysis for the
MLP partition function will be translated through the uniform convergence of layer-wise
generators. Denote:

1
Fy(®) £ exp <—2vT<I>v) for some fixed v.

We will use E®0 to denote the prior since both the MLP and SDE conjugate kernel dynamics
are Markovian and depend only on ®j. Note that F' is bounded by (0,1] by PSD-ness of
both MLP and SDE kernel trajectories (see Appendix A). In this section we will also use
@%) to denote the conjugate kernel at layer ¢ for a width-N MLP and use ®; to (only) denote
the NSDE from (10) kernel without the ¢ — 7 time change. Our layer-wise convergence
result (formalizing Takeaway 4) can be stated as follows.
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Theorem 5 (Layer-wise uniform convergence). Fiz a radius 1 > 0 and a terminal time
T>0. Let K ={® : fiest(P) <7} N Sf for the fiest n Proposition 2 and Proposition /.
Define the stopping times

|
K(N)éﬁinf{EZO:q)%) @éKr}, e 2inf{t>0: 0, ¢ K.},

T

and the stopped difference quotient

(N) (N)
o (Yo ()
with limat
DIF (1,80) £ E™ [h (07) Lyc,,)]
where h £ LF is the generator. Then in both cases of ReLU and smooth activations,

lim sup |DyF (t,®9) — D"F (t, ®9)| = 0.
N=00 te(0,T],@0€K, s

Proof of Theorem 5. Because the MLP is a time-homogeneous Markov chain, let
1 r tN
ANF(®) 2 NE*[F(@)) - F(®)|, DyF(t, %) = E® [ANF (24 ﬂ{wqw}]

be the one-step generator of the unstopped discrete chain. By definition we have F' € C}°
(with constants depending only on v), and h = LF is continuous and bounded on K.
[LNR22] shows convergence of the generator

1 1 B
(I)%Jrl) _ (I)%) _ NbN (q)%)) + WUN@%))&/H +0 (N 3/2)

with by — b, O’NO'; — ¥ uniformly on compact sets and Lipschitz on K,. From [LNR22,
Lemma A.5 and Proposition A.6], we have the local uniform generator convergence

eny £ sup |ANF(®) — LF(®)| — 0.
PeK,

Define the killed semigroups

Qi h (Bg) £ EP [h (241 {Mgm}] L Qh (@) 2 E® [A (D) Lyeny] -
Then
DNF (t,®0) = Qv (ANF) (®0),  D"F (t,®0) = Q7 (LF) (Do) .

Applying the Feller semigroup convergence criterion [LNR22, Theorem A.3|, which gives
convergence uniformly for bounded times once the generators converge on a core. Combined
with [LNR22, Proposition A.6] we get

N = sup ‘Q%,th((bo) - Q;h(@o)‘ — 0.
te[0,T], ®o€K, /o
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Although the core in [LNR22] is C§°, our application is local (equivalently, one may multiply
F by a smooth cutoff equal to 1 on a neighborhood of K,). Combining the above and using
that Q?\Lt is a contraction in the sup norm, we obtain

sup  [DRF(t, @) — D"F(t, @)
tE[O,T}, q>0€K7'/2

< sup [ANF(®) — LF(®)] + sup QN (Do) — QFh(Do)|
PeK, te[0,T], ®o€K, /o

=eny+nny — 0
which proves the claim in both the ReLLU and smooth activation regimes. O

Let us conclude with the pointwise convergence in Theorem 1, in which we wanted to
show that

. (N,L,D) A 1 2, T (L)
N—)olol,rlrzl:t*NZﬁ (x0, k) —hm/RP exp [—%Hpﬂ +ip Y] E {F(CDN )] dp

1 T (7)
= [ exo | lbll+ 7Y | B [P(@0)] ap 2 207 (oo,

Proof of Theorem 1. We start by showing that for any fixed t > 0 and any ®; € SZ, one
has that:
lim E [F (@%”V”)] = E[F(d,)]. (32)

N—oo
for both ReLU and smooth activations (satisfying the assumptions A1-3). Once this is
shown, then Theorem 1 is concluded automatically by dominated convergence because F' is
bounded.
For any large stopping radius R, again define /@SQN) and kg are the local stopping times
without finite-time explosion. The limiting process has continuous sample paths, and hence
by the continuous mapping theorem for any fixed ¢:

()
ol en IND gt

by further the boundedness of F':

(N)
E™F <<1>§V““"R )N“) S E™F (@pny), V.

We compare stopped and unstopped expectations. By boundedness

(N)
B0 (M) - EPor <(I,§VL<WR )NJ)>‘ <P (s <),

Similarly,
[E*F (®y) — E®°F (®ypny,)| < P(rg < ).

So we have

‘E‘I’OF (2™) ~E™F (@t)‘ <P(an <t)+P () <1).
By Lemma 1, sending R — oo allows P(kp <t) + P (F;S%N) < t) — 0 and we are done. [
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D Technical Lemmas and their proofs

Proof of Lemma 1. Denote F, £ {z : f(x) > r}. Let Yi"" £ X:M(n) and Y/ £ X pr,.
By local convergence, Y™™ = Y in the Skorokhod topology. Fix r,% > 0. Choose a >t
such that the evaluation map y +— y(a) is a.s. continuous under Y. Such a ’s are dense
because Cadlag paths have at most countably many fixed-time discontinuities with positive
probability. Since F;. is closed and the paths are right-continuous, whenever qun) < 00, the
hitting point satisfies

X" ., €F,

o

Hence, if Tr(n) <t < a, then the stopped process has already hit F}., so

Yanﬂ" - n(n) S F’r’a {Tén) < t} < {Yanﬂ" € F’f’} .
T

Thus
limsup P (Tﬁ”) < t) <limsupP (Y, € F})
n n

By the continuous mapping theorem, Y;"" = Y. Since F, is closed, Portmanteau gives

limsupP (Y,"" € F,.) <P (Y, € F})
n
But Y] € F, if and only if 7. < a. Hence
limsup P <T7£") < t) <P(r, <a) Va>t.
n

Now take a | t and by continuity of probability from above, we get the desired claim. [
Proof of Lemma 2. Denote Lf(z) £ b(z)"Vf(z) + 3 Tr(o(2)o(z) V2 f(z)) . By Ito’s for-
mula applied to Xiarp,

t t T
FSin) = £00) = [ Moo LHX) s+ [ 1oy VIO T (X .

The stochastic integral is a martingale, hence

E Xt/\TR - x !
Lf( t)] f(x0) _ 1/0 E[1{8<TR}Lf(Xs)] ds.

As s =0, Xs = zo a.s. and 1g,.,) — 1 a.s. Therefore, by dominated convergence,

E[1{scrpy LA(Xs)] — Lf(x0),

and consequently
lim E[f(‘Xt/\TR)] — f(x()) — Lf(
t—0 t

.2130).

It remains to compare this with the killed process. Since f is bounded,

[E[f(X)1geary] — BIf (Xenrg)]| < 2/ fllocP(Tr < 1),
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We show that P(7g < t) = o(t) for small ¢ for any R such that 7p > 0 a.s. Let K = {® :
max{(ming Poq) ", max, Poq < R} NS4 be a compact domain, then Kj £ supy, [b(z)]
and K, £ supg, [lo(z)|r are both finite. For u < t,

UNTR UNTR
Xu/\TR — Ty = / b(XS) ds + / U(XS) dWS
0 0

If ¢ is small enough that Kyt < R/2, then
> R/2} .

UNTR
{tr <t} C { sup / o(Xs) dWs
0

u€(0,t]

By the Burkholder-Davis—Gundy inequality,

UNTR 4 K4
P(tgp <t) < %E sup / o(Xs)dWy| | < C—[tQ = o(t).
u€el0,t] 1J0 R
Hence
E[f(Xt>1{t<T}]t_ E[f(Xtarg)] o
Combining the preceding limits yields exactly limy o Elf (Xt)l{tt“}]_f @) _ f(xo). O

Lemma 3 (Equivalent Neural Covariance SDE in matrix form). Given a symmetric positive-
definite ® € R™ ™ let M = m(m + 1)/2 and define ¥ £ [®,Pps + 2a5Ps]0<p<5 €
RM*M = Suppose B € RM has i.i.d. N(0,1) entries and G € R™ ™ is symmetric and has
N(0,1) off-diagonal and N(0,2) diagonal entries, then

(20), ., e (7007

equal in distribution for all a, f € [m).

Proof. Let A £ ®/2 = AT then we only need to show that the covariance matrix of
(AGA)n<5 € RM is exactly . For any «, 3,7, 6,

(AGA)ag = ) AaiGijAp;.

ij=1
Since E [GiGre] = 0ikdje + 04065, for all 4,5, k, £:

E[(AGA)ap(AGA)s) = D AailpjApAuE (GG
1,9,k 0

= Z AniApj Ay Ase (Oixdje + 0iedjk)
3,9,k 0

= Z AaiABjA’yiA5j + Z AaiABjA'yjA(5i

.3 .3

= (Z Am-Aw) > AgiAs | + (Z AaiA6i> > ApiAy
i J i J

_ (AAT>M (AAT)&S + (AAT)Ms (AAT)B7
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Because A = ®/2 is symmetric, AAT = &. Therefore
E[(AGA)ap(AGA) 5] = PayPss + PasPpy-

Since the mean of G is zero, this concludes the proof. This proof also justifies the difference
in form between our (10) versus the vector version in [LNR22]. O

Lemma 4 (Bayesian partition function to conjugate kernel). For any model f(x) = W, h(z)
with a linear layer as its last where Woy ~ N (0,1y), the Bayes partition function of the pre-
dictive posterior (5) under MSE loss at test point xq (and training data X € R*P )Y € RP):

Zs (20, K) = (27 8)/*Epion [exp [—g HY . W;th(X)Hz _ir f(mo)”

s equal to

1 TP
Zg (w0, k) = /RP exp [—25!1?”2 +ipTY}  Eprior {exp (—v 5 v)] dp

where v = [pT, 5T € RP* and & = [h(X), h(xo)] T [(X), h(zp)] € RIPHX(P4D),

Proof. From the Gaussian integral

- /R @g/p [—;ﬁHtT—w(Y W X>)H2]

we have

exp [—HY W h M /RP QW;l;P/ZeXp [—215Ht||2+itT(Y W h(X ))]

25 (w0, k) = (278) P Eprion [exp [—g v - W;th(X)Hz —in f(xg)”

1
— Epor / oxp | == [[t2 + it TY — it WL h(X) — ik WL h(zo)| dt
RP 28

1 T P T T
:/ exp | === |1t + it Y| - Eprior |exp _lt Aol K dt
RP 25 2

where in the last line, we integrate over Wy to get the desired result. ]

Lemma 5 (PSD of the limit). Suppose X" = X locally in Dy gmxm under test function
f without finite-time explosion. If the pre-limit is PSD

P(X{ €Sy ,Vt>0)=1 for everyn,

then the limit is also PSD: P (X € S4,Vt > 0) = 1.
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Proof. Let D (S1) £ {x € Dg, gmxm : 2(t) € S4Vt > 0} . First note that D (S, )is closed in
the Skorokhod topology. Indeed, Sy C R™*™ is closed. If ¥ — x in Skorokhod topology
and zF (t) € Syfor all ¢, then, on every compact interval, there exist time changes Ay such
that

igg Hmk (Ax(s)) — a;(s)” — 0.

Since A is onto, 2* (Ax(s)) € Sy. Thus z(s) is a limit of points in S, so x(s) € Sy. Hence
x € D(S84+). Fix r > 0, and define the stopped processes

n,ro,__ n LA
Vit =X0 my Yy = Xiar,

By local convergence, Y™" = Y in the Skorokhod topology. Since X" lives in Sya.s., so
does Y™ hence
P(Y™ e D(S4)) =1.

Because D (S4) is closed, Portmanteau gives
1 =limsupP(Y"" € D(S4+)) <P(Y" € D(S4)).
so P(Y" € D(S+)) = 1. Now use non-explosion. On the event {7, = oo}, we have
Y/ = Xpns, = Xp, {r = oo} N{Y" € D(S))} C{X € D(S.)}.
Since P(Y" € D (S4)) =1, it follows that
P(X eD(S1)) >P(r = ).

Using non-explosion, lim, o P (7, = 00) = 1, we obtain P (X; € S;Vt > 0) = 1. O
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